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Constructionswith Inscribed Ellipsesin a Triangle

Nikolaos Dergiades

Abstract. We give a simple construction of the axes and foci of an inscribed
ellipse with prescribed center, and as an application, a simple solution of the
problem of construction of a triangle with prescribed circumcevian triangle of
the centroid.

1. Construction of the axes and foci of an inscribed ellipse

Given a triangle ABC', we give a simple construction of the axes and foci of an
inscribed ellipse with given center or perspector. If a conic touches the sides BC,
CA, AB at X, Y, Z respectively, then the lines AX, BY, C'Z are concurrent at a
point P called the perspector of the conic. The center M of the conic is the com-
plement of the isotomic conjugate of P. In homogeneous barycentric coordinates,
if P=(p:q:r),then

1 1 1

M:<—+—:—+

11 1
g ' r pp

+ §> =(plg+r):q(r+p):r(p+q).

Figure 1

Consider triangle ABC and its inscribed ellipse with center M = (u : v : w)
as the orthogonal projections of a triangle AB'C’ and its incircle. We may take
A’ = A and assume BB’ = m, CC’" = n. If the incircle of AB'C’ touches
B'C', C'Aand AB" at X', Y’, Z' respectively, then X, Y, Z are the orthogonal
projections of X', Y’, Z’. It follows that the perspector P is the projection of
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the Gergonne point G, of AB’'C’. Suppose triangle AB'C" has sides B'C' = d/,
C'A =V and AB’' = ¢, then

1 1 1
V+d—d:d+d-b:d+6-==:2:Z2.
p q r
It follows that
1 11 1 1 1
a:bv:d="4+=2: 24+ .24+ =u:v:w.
q r r p p q

From this we draw a remarkable conclusion.

Proposition 1. If atriangle and an inscribed ellipse are the orthogonal projections
of atriangle and itsincircle, the sidelengths of the latter triangle are proportional
to the barycentric coordinates of the center of the ellipse.

Since o/, V/, ¢ satisfy the triangle inequality, the center M = (u : v : w) of the
ellipse is an interior point of the medial triangle of BAC'

We determine the relative positions of ABC and AB'C’ leading to a simple
construction of the axes and foci of the inscribed ellipse of given center M. We
first construct two triangles A, BC and A_ BC with sidelengths proportional to
the barycentric coordinates of M.

Construction 2. Let M = (u : v : w) be a point in the interior of the medial
triangle of ABC, with cevian triangle Ay ByCy. Construct
(i) the parallels of BBy and C'Cy through A to intersect BC' at D and E respec-
tively,
(ii) thecircles B(D) and C'(F) to intersect at two points A, and A_ symmetricin
theline BC'. Label A the one on the opposite side of BC' as A.

Each of the triangles A, BC and A_ BC' have sidelengths v : v : w.

Figure 2
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Proof. Note that
BC BC  BCy

u

CA_~ CE CoA v
BC BC ByC u

A B DB AB, w
Fromthese, BC : CA_ : A_B =w:v: w;similarly for BC: CA, : A, B. O
Lemma 3. Thelengths of AA, and AA_ are given by

/ 7 /O _ 7
AAJr:M and AAi:M,
\/iu \/iu
where
Q= >+ — a®)u* + (& + a* — v*)v? + (a® + b — P)w?, Q)

and A’ isthe area of the triangle with sidelengths u, v, w.
Proof. Applying the law of cosines to triangle ABA_, we have
AA% = AB%* + BA%? —2AB - BA_ cos(ABC — A_BC)
2
=+ (ﬂ> —2c- ﬂ(cos Bcos A_BC +sin Bsin A_BC)
u u

Au? + a?w? — 2cacos B - wucos A_ BC — 2casin B - wusin A_ BC
2

u
22?4+ 20%w? — (4 @ — b)) (w? + u? —v?) — 16AA’
N 2u?
Q9 -—16AA'
2u? ’
The case of AA, is similar. O

Let Q be the intersection of the lines BC and B'C’. The line AQ is the inter-
section of the planes ABC and AB'C’. The diameters of the incircle of AB'C’
parallel and orthogonal to AQ) project onto the major and minor axes of the in-
scribed ellipse.

Proposition 4. Theline AQ istheinternal bisector of angle AL AA_.

Proof. The sidelengths of triangle A_BC are BC' = a, CA_ = %% = ‘2—”,’ and
A B =% = ‘Z—C,' Set up a Cartesian coordinate system so that A = (1, 1),
B = (—a,0),C =(0,0), Ay = (zo, —yo) and A_ = (xo,yo), Where

a/2 4 b/2 _ C/2

Tro = —CA_cosA_CB = _20,—/2 - a, (2)

2432 _ 2
1 = —bcosC = _a—l—ic. (3)
2a
Since the lines AA and AA_ have equations
(y1 +yo)z — (z1 — 20)y — (z190 + oY1) = O,
(y1 — yo)z — (z1 — 20)y + (2190 — Toy1) = O,
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a bisector of angle A, AA_ meets BC at a point with coordinates (x, 0) satisfying

(1 — yo)z + (z1y0 — zov1))?  ((y1 + yo)z — (z1y0 + 9003/1))2'

(y1 — y0)* + (z1 — 20)? (y1 +0)* + (21 — 20)?
Simplifying this into
(21 — @o)a® + (af +y§ — 2% — yi)a + wo(a +y7) — 21(2g + y5) = 0,

and making use of (2) and (3), we obtain

a12 4 b/2 o C/2 a2 4 b2 o C2 5 b/2 b2
2a/? B 2a2 vta 2 a2)”

) a2 42— 2 o a2+ b2 — 2

-\ 2a’? - 2a? e )
Now, since

a?=(m-n)?+a V2=n2+0% =m+c (5)

we reorganize (4) into the form

((m—n)z—na)((m(a*+b* =) +n(c2+a® = b))z — (n(b*+* — a?) — 2mb?)a) = 0.

Note that the two roots

2 2 2y 2
na_ o X, - (n(b* 4+ ¢ —a®) — 2mb~)a

X, =
YT m—n m(a? + b — c2) + n(c? + a® — b?)

satisfy

m?b? — mn(b* + ¢ — a?) + n’c?
a?+ (m —n)?

(wo—.’bl)(Xl —XQ) = >0,

since the discriminant of m?b% —mn (b +c%—a?) +n?c? (as a quadratic form in m,
n)is (b + ¢ — a?)? — 4b%c? = —4b%c? sin? A < 0. We conclude that if x; < o,
then X; > X, and X is the root that corresponds to the internal bisector. Since

+4- = #, this intercept is the intersection Q of the lines BC and BC". a

Theorem 5. The inscribed ellipse of triangle ABC' with center M = (u : v : w)
(inside the medial triangle) has semiaxes given by

o _uAALFAA) L u(Ady - AA)

2(u+v+w) 2(u+v+w)

Proof. Making use of (5), we have
o2mn =m? +n? — (m—n)? = b? + % —d?) — (b + 2 — d?).
It follows that
A2 = 0°)(? = ) = (1 + ? —d?) — (VP + & - a?))?,



Constructions with inscribed ellipses in a triangle 145
and
4262 _ (b/2 42— a/2)2 + 43R — (b2 + 2 a2)2
= 4b%c? + 422 — 2(0* + & — a®) (B + % — d?)
=2((b* + ¢ — a®)a”? + (¢ + a* — V)b + (a® + b* — ). (6)
Note that 4b%c? — (b% + % — a?)? = 4b%c?(1 — cos? A) = 4b%c?sin® A = 16A2
and similarly, 4622 — (b2 + ¢? — a'?)? = 16A(AB'C’)%. Let p and o' be the

inradii of triangle AB'C” and the one with sidelengths u, v, w. These two triangles

have ratio of similarity £ — 2022E0) e have
p

i A [ Plut v+ w) 2 ~ PAu+v+w)?
A(ABC)_A< A > = A .
With this, (6) can be rewritten as

2u+ v+ w)tpt — (u+v+w)>Qp® + 32A%A7% = 0.

This has roots +p; and +p-, where

_\/Q+16AA’+\/Q—16AA’ _\/Q+16AA’—\/Q—16AA’
L= 2v/2(u + v + w) ’ 2= 2v2(u + v + w) .
Note that p1 ps = %, and

Qmin A . 4AN __ P1p2
amax  A(AB'CY) — pPlutv+w)?  p?
Since p1 > po, it follows that ay.x = p = p1 and amin = po. O

Now we construct the axes and foci of an inscribed ellipse.

Construction 6. Let M be a point in the interior of the medial triangle of ABC,
and A, BC, A_BC triangles with sidelengths proportional to the barycentric co-
ordinates of M (see Construction 2). Construct
(1) the internal bisector of angle A AA_ tointersect theline BC at @,
(2) the parallel of AQ through M. This is the major axis of the ellipse.

Further construct
(3) the orthogonal projection S of Q on AA,,
(4) the parallel through M to AA, tointersect A;S at T,
(5) thecircle M (T'). This is the auxiliary circle of the ellipse.

Finally, construct
(6) the perpendiculars to the sides at the intersections with the circle M(T") to
intersect the major axis at F' and F”. These are the foci of the ellipse. See Figure
3.
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Figure 3.

2. Thecircumcevian triangle of the centroid

For the Steiner inellipse with center G = (1 : 1 : 1), the triangles A BC and
A_BC are equilateral triangles, and

2112 1 2 1 44/3A 2 12 4 2 — 4v/3A
AA+=\/a S +;+ V3 and AA_:\/a 0 +; V3 )

By Theorem 5,

= AAL + AA_ and ai — AA, — AA_.
6 6
Theorem 7. Let G be the centroid of ABC, with circumcevian triangle A, B1C'.
The pedal circle of G relative to A; B1C has center the centroid Gy of A; B1Ch.

Hence, GG isafocus of the Seiner inellipse of triangle 4 B1C1.

Proof. Let a, b, c and a1, b1, ¢1 be the sidelengths of triangles ABC and 4, B1C1
respectively. Let x = AG, y = BG and z = C'G. By Apollonius’ theorem,
2_2b2+202—a2 2_202+2a2—b2 2_2a2+2b2—02

T 9 ay—g y 2 9
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Ay

Figure 4

If &2 is the power of G relative to circumcircle of ABC, then

GA) = 2, GB, = 2, GOy = 2
x Y z

From the similarity of triangles GBC and GC; By, we have
ag GG CG-GC, &
a BG BG-GC yz
From this we obtain aq, and similarly b, and ¢;:
2 b

cP
a1 = ; bl ) 1 = .
Yz 2T Yy

(7)
The homogeneous barycentric coordinates of G relative to 4 B;C are

AG3101 . AGClAl . AGAlBl
_ AGBICi  AGC1A,  AGA B
~ AGBC =~ AGCA =~ AGAB
_ GB,-GC, GC,-GA, GA,-GB
~ GB-GC "~ GC-GA = GA-GB
(BG-GB))(CG-GC)) (CG-GC)(AG-GA;) (AG-GA)(BG-GB))

BG?.CG? ' CG? . AG? ' AG? . BG?
P p? g2
= 222 C 22 22y2
= x2 . y2 N Z2.

The isogonal conjugate of G (relative to triangle A, B1C1) is the point

2 2 2

a; by c
G*:—éz—éz—E:aQ:bQ:c?

2?2y oz
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We find the midpoint of GG* by working with absolute barycentric coordinates.
Since 22 + y% + 2% = L(a? + 0* + ¢2), and

202 4 b2 4+ 2

322 +a? =3+ 02 =32+ 2 = w7

we have for the first component,

1 x? a® 322 + a? 1

2 <:):2—|—y2—|—z2 * a2+b2+c2> C 240242 3
Similarly, the other two components are also equal to%. It follows that the midpoint
of GG* is the centroid GG; of A1 B1C1. As such, it is the center of the pedal circle of
the points G and G*, which are the foci of an inconic that has center and perspector
G1. This inconic is the Steiner inellipse of triangle 4, B1C. O

3. A construction problem

Theorem 7 gives an elementary solution to a challenging construction problem
in Altshiller-Court [1, p.292, Exercise 11]. The interest on this problem was reju-
venated by a recent message on the Hyacinthos group [2].

Problem 8. Construct a triangle given, in position, the traces of its medians on the
circumcircle.

Solution. Let a given triangle A; B1C; be the circumcevian triangle of the (un-
known) centroid G of the required triangle ABC'. We construct the equilateral
triangles A, B1Cy and A_B1C4 on the segment B;C,. Let G be the centroid
of A1B1Cyand r = %(AlAJr + A1 A_). The circle Gi(r) is the auxiliary circle
of the Steiner inellipse, hence the pedal circle of G (one of the foci) relative to
A1 B1C1. From the intersections of this circle with the sides of A4, B;C; and the
parallel from G to the internal bisector of angle A, A1 A_ we determine the point
G (two solutions). The second intersections of the circle with the lines 4 G, B1G,
C1G give the points A, B, C.
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